Abstract-Widespread three-phase imbalance causes inefficient uses of low voltage (LV) network assets, leading to additional reinforcement costs (ARCs). Previous work that assumed balanced three phases underestimated the reinforcement cost throughout the whole utility by more than 50%. Previous work that quantified the ARCs was limited to individual network components, relying on full sensory data. This paper proposes a novel methodology that will scale the ARC estimation at a utility level, when the data concerning the imbalance of circuits or transformers are scarce. A novel statistical method is developed to estimate the volume of assets that need to be invested by identifying the relationship between the triangular distribution of circuit imbalance and that of circuit utilization. When there are more data available in future, accurate probability distributions can be constructed to reflect the network condition across the whole system. In light of this, two novel generalized ARC estimation formulas are developed that account for generic probability distributions. The developed methodology is applied to a real utility system in the UK, showing that: 1) threephase imbalance leads to ARCs that are even greater than the reinforcement costs in the balanced case; 2) a 1% increase in the demand growth rate, the maximum degree of imbalance (DIB) and the maximum nominal utilization rate leads to over 10%, approximately 1% and 2% increases in the ARCs, respectively; and 3) the ARC is not sensitive to the minimum DIB values and the minimum nominal utilization rates.
I. INTRODUCTION
W IDESPREAD three-phase imbalance causes inefficient uses of low voltage (LV) network assets [1] , [2] . When facing the three-phase imbalance issue, a common approach for the UK distribution network operators (DNOs) is to perform network reinforcements when the asset capacity is reached, i.e. a passive approach. This leads to a network reinforcement cost being higher than if three phases were balanced -the difference is the additional reinforcement cost (ARC) as a result of threephase imbalance. Three-phase imbalance causes inefficient uses of LV feeders (referred to as feeders) and LV transformers (referred to as transformers) in different ways: for a feeder, the phase with the greatest power among the three phases uses up the per-phase capacity when the other two phases still have spare capacities, thus triggering network reinforcements earlier than if the three phases were balanced [1] ; for a transformer, threephase imbalance induces neutral line power, which reduces the available capacity of the transformer, causing network reinforcements to be earlier than the balanced case [1] . Such inefficient uses of assets cause the ARCs. Quantifying ARCs on a utility scale would help DNOs to appraise whether it is sensible to take the passive network investments approach or a proactive phase balancing approach [3] - [5] . However, the challenges towards the ARC estimation at a utility scale are: 1) the extensiveness of LV networks with varying characteristics across different regions [6] ; and 2) the limited monitoring data available [7] . This paper focuses on the estimation of the ARCs driven by thermal constraints on a utility scale, based on the sensory data of hundreds of LV substations. A number of papers and reports investigated the LV network investment costs, but very few of them focuses on a utility scale. Reference [6] estimated utility-scale network investment costs for the first time, but with serious limitations: although reference [6] used triangular distributions to model loading levels, it did not model the degree of three-phase imbalance; nor did it identify the relationship between the loading level and the degree of imbalance -it assumed that LV networks have balanced three phases. Distinct from [6] , this paper addresses the new problem of a utility-scale ARC estimation under three-phase imbalance by using triangular distributions to model the degree of imbalance and by developing a novel numerical method to establish the relationship between the degree of imbalance and the loading level. We will later demonstrate that Reference [6] seriously underestimated the reinforcement costs by wrongfully assuming balanced three phases.
Other papers that focus on LV network investments [8] - [10] , LV network expansion planning [11] , [12] , and smart network planning strategies [13] - [15] all assumed balanced three phases; and they are not on a utility scale. References [2] , [16] identified the impact of three-phase imbalance on network reinforcements for individual feeders qualitatively.
References [1] , [17] which estimated the ARCs for individual network assets have the following limitations:
1) The ARC in [1] , [17] was defined differently from that in this paper. References [1] , [17] defined the ARC as the present value of a future investment cost, where the time span is from now to when the network margin is used up under long-term demand growth, i.e. over the lifetime of the asset. This paper, however, defines the ARC within a fixed interval in the future, e.g. the next 5 years. Apart from the interest in understanding assets' lifetime ARC, DNOs are also interested in the ARC defined in this paper, i.e. the ARC within a fixed interval in the future, because this will help DNOs make rolling business plans for the next N years. 2) References [1] , [17] were limited to calculating their version of the ARCs for individual LV network components with full sensory data that are available only for a minority of network components. The methods in [1] , [17] do not work if the full data are not available. In contrast, the new method in this paper requires minimum data from the DNO for the calculation of the ARC on a whole system level. Also, the methods in [1] , [17] experience scalability issue when the problem involves the whole system with millions of networks, because those methods calculate the ARC on an asset by asset basis. For the whole system with millions of assets, if the methods in [1] , [17] are applied, the calculation has to be repeated for millions of times, causing considerable computation burden. In contrast, the method in this paper is not on an asset by asset basis. Later we will develop two formulas, one calculating the ARC for all feeders in the whole system and the other calculating the ARC for all transformers. In summary, this paper resolves the challenges of both data deficiency and scalability by proposing i) triangular distributions to model the degree of three-phase imbalance (which is also distinct from [6] ); and ii) a novel numerical method (in Section IV) that are fundamentally different from the methodologies in [1] , [17] . There is a lack of a method to estimate the ARCs from threephase imbalance at a utility level with limited sensory data. To scale up the ARC calculation onto a utility level with scarce information concerning the circuit/transformer imbalance, we for the first time model the full distributions of circuit/transformer imbalance across the whole system with limited information; we develop a novel statistical method to estimate the ARC by identifying the relationship between the triangular distribution of circuit imbalance and that of circuit utilization; and we propose two novel generalized ARC formulas in the integral form that account for generic probability distributions.
The major advantage of our approach is that it effectively addresses the scalability and data deficiency barriers that a utilityscale ARC estimation faces.
The rest of this paper is organized as follows: Section II presents the overall procedure for estimating the utility-scale ARCs; Section III models the degree of imbalance (DIB) at a utility level by three steps; Section IV calculates the ARCs for both feeders and transformers; Section V presents a case study; and Section VI concludes the paper.
II. OVERALL PROCEDURE FOR UTILITY-SCALE ARC ESTIMATION
LV network reinforcements are driven by thermal and voltage constraints due to either demand growth or generation growth [6] . This paper considers thermal constraints as the cost driver.
This work is based on three-phase LV networks popular in the UK [18] . The methodology, however, is not limited to the UK networks, but is applicable to European-style three-phase LV networks. The methodology has the following characteristics: 1) it models the degree of imbalance (DIB) at a utility level by triangular distributions to overcome the data deficiency barrier; 2) it identifies the relation between nominal utilization rates and the DIB thresholds, and incorporates the thresholds into the triangular distribution of the DIB; and 3) based on the triangular distributions of the nominal utilization rates and the DIB values, the method calculates the proportion of assets of which: i) the thermal capacities are reached under three-phase imbalance; and ii) the thermal capacities would not be reached if the three phases were balanced.
The input data are the three-phase voltages and currents data over a year monitored at the secondary side of 642 LV (11kV/400V) substations (referred to as the substations) with a sampling interval of 15 minutes. Based on the input data, the overall procedure of the statistical approach is introduced as follows: 1) Derive the triangular distributions of the DIB values for the feeders and transformers of three substation groups, i.e. the rural, suburban, urban groups. 2) Identify the proportion of assets that contribute to the ARC, based on the triangular distribution of the asset nominal utilization rates [6] and that of the DIB values. 3) Calculate the utility-scale ARCs for both the feeders and transformers of the three substation groups, based on the proportion of the ARC-contributing assets.
Step 1) is further divided into three sub-steps, as introduced in Section III. Steps 2 -3) are introduced in Section IV.
It should be noted that the methodology proposed in this paper applies to demand-dominated LV networks with a low penetration of renewable generation.
III. UTILITY-SCALE MODELLING OF DEGREE OF IMBALANCE
The major challenge for deriving the distribution of DIB is the lack of data at a utility level with millions of customers. This section addresses the challenge by three steps: 1) calculate two characteristic DIB values (one for the feeders and the other for the transformer) for each substation; 2) group the characteristic DIB values into three substation groups by applying k-means clustering to the peak demands of the sample substations; and 3) model the DIB values of each substation group as triangular distributions.
A. Determine Characteristic DIB Values for Substations
The two mathematical definitions of the degree of imbalance (DIB), one for feeders and the other for transformers, are both defined under an instantaneous peak demand in [1] .
In this paper, the peak demand P peak is defined as a range for each substation. The peak demand range is given by
where K peak (K peak < 1) and P max denote the lower threshold of the peak demand range and the maximum instantaneous power of the year, respectively. A time point when the power falls within this range is regarded as a peak time point. Each substation therefore has a series of DIB values, each corresponding to a peak time point. A DIB for the feeders of a substation is expressed as the function of a peak time point t, as opposed to the original time-independent version in [1] .
where P ∅ (t) (∅ = a, b, c) denotes the power on phase ∅ at time t; P total (t) denotes the total power of the three phases at time t, i.e. P total (t) = ∅=a,b,c P ∅ (t).
A DIB for the transformer of a substation is also given as the function of a peak time point t, as opposed to the original time-independent version in [1] . See (3) as shown at the bottom of this page, where P n (t) denotes the neutral line power at time t. Other variables have the same definitions as in (2) .
It should be noted that the definition of DIB in [1] and the definition of voltage imbalance in [19] both involve the deviation from average values, but the former is based on power whereas the latter is based on voltage. Furthermore, unlike in [20] - [22] , the definition of DIB does not involve symmetrical components.
Two series of DIB values can be derived for each substation from the raw data, the first for the feeders and the second for the transformer: 
B. DIB Values Grouping
LV networks serve a diverse range of customers. The percentages of different types of customers and the population/demand density vary considerably across regions, corresponding to highly diverse LV feeder utilization rates.
It is a common practice in the UK to classify LV networks into three categories: rural, suburban, and urban substations [23] . The sample substations are clustered into three groups by applying k-means clustering to the peak demands of these substations, based on the assumption that the three substation groups have the following ascending order of peak demands: rural, suburban, and urban substation clusters. The ascending order of peak demands for rural, suburban, and urban substation groups is justified by: 1) the increasing population density for rural, suburban, and urban areas; and 2) the consistency with the ascending order of the UK's prevalent capacities for rural, suburban, and urban transformers [24] .
The k-means clustering of the substations is to find
where S j and P peakj denote substation group j and the peak demand of substation group j, respectively. Each substation i exclusively belongs to one of the three substation groups S j , and the two characteristic DIB values
C. Triangular Distribution of DIB
Triangular distribution is a 'lack-of-information' distribution, which allows a full probability distribution to be established with only three parameters, i.e. the maximum, the minimum, and the mode [25] .
The major challenge in modelling the utility-scale DIB distribution is data deficiency -the cost of obtaining the data for all LV networks within a utility's business zone is prohibitively high. From the sample data, the useful information that can be derived are the maximum DIB values, the minimum ones, and the mode for both the feeders and transformers of each of the three substation groups. Furthermore, the capability of the triangular distribution to represent skewness in both the left and the right directions makes it a suitable choice for this application [25] (symmetric distributions such as normal distributions are not suitable because they are unable to model the skewness nature). Because of the above reasons, triangular distribution is suitable for the modelling of the DIB values on a utility scale.
For feeders, the maximum and the minimum of the DIB values (denoted as d IB fmaxj and d IB fminj , respectively) are obtained for each substation group S j .
where d IB f i and S j denote the DIB for the feeders of substation i and substation group j, respectively. The mode of the DIB for the feeders of substation group S j , d IB fmodj , is found by the following steps: 1) divide the set of d IB f i (where i ∈ S j ) into 10 sections with equal length; 2) find the modal section m, i.e. the section which the most number of d IB f i falls into. In other words, section m is the one with the maximum frequency. And 3) calculate the mode d IB fmodj by the formula introduced in [26] .
where l and f m denote the lower boundary and the frequency of section m, respectively; f 1 and f 2 denote the frequency of the sections preceding section m and following section m, respectively; and h denotes the section length. Similarly, the maximum and the minimum of the DIB values (denoted as d IB Tmaxj and d IB Tminj , respectively) are found for the transformers of each substation group S j .
where d IB Ti denotes the DIB for the transformer of substation i. The mode of the DIB for transformers, d IB Tmodj , is calculated in a similar way to d IB fmodj in (7).
From the above procedure, two triangular distribution functions, one for the feeders' DIB values and the other for the transformers' DIB values, are obtained for each substation group S j , as illustrated in Fig. 1 . These distributions are essentially the spatial distributions of temporal means of the DIB -the Central Limit Theorem and normal distributions are not applicable in this case.
IV. UTILITY-SCALE ARC CALCULATION
Before calculating the utility-scale ARC, it is first necessary to define the ARC in the context of this paper: an ARC is defined as the investment cost of an asset (a feeder or a transformer) that meets the following criteria when three-phase peak demand occurs: 1) its thermal capacity is reached under three-phase imbalance; and 2) its thermal capacity would not be reached if the three phases were balanced. The definition has a practical implication: by the time point concerned (i.e. the time point when the ARC is calculated), the DNO would not have to pay an investment cost to reinforce such an asset if the three phases were balanced; but the DNO actually has to pay an investment cost (i.e. the ARC) for this asset under three-phase imbalance. The assets that meet the above two criteria are the ARC-contributing assets.
A utility-scale ARC is the summation of the individual ARCs over the utility. The key to a utility-scale ARC calculation is to find the percentage of assets that meet the above two criteria. This section presents a novel methodology to calculate the utility-scale ARC based on the triangular distribution of the DIB values and that of the nominal utilization rates. The methodology is elaborated for both feeders and transformers.
It should be noted that thermal capacity is originally expressed as apparent power (kVA). However, because phasor measurements are absent in low voltage networks and that smart meters monitor real power only, there is a lack of reactive power data in low voltage networks. This paper therefore transforms thermal capacities that are expressed by apparent power (kVA) into those that are expressed by real power (kW), assuming an average load power factor of 0.95. All calculations are based on real power.
A. Utility-Scale ARC Calculation for Feeders
This section presents the method to calculate the ARC for the feeders of any given substation group j.
The nominal utilization rate of a feeder (denoted as U) is defined as the total power of the three phases over the capacity of the feeder under peak demand [1] . It is essentially the peak loading level when the three phases are assumed to be balanced. According to [6] , U is modelled as a triangular distribution, as shown in Fig. 2 .
The probability density function of U is f u 1 (U ). α 1 , β 1 , and γ 1 denote the minimum U, the maximum U, and the mode of the distribution, respectively. The vertical dashed line in Fig. 2 corresponds to U = 100%. After N years' demand growth, the distribution of U shifts towards the right, as shown in Fig. 3 .
Suppose that the annual demand growth rate is r. The maximum, the minimum, and the mode of the nominal utilization rate are denoted as α 2 , β 2 , and γ 2 , respectively. By the end of the Nth year, α 2 , β 2 , and γ 2 are given by ⎡
where r denotes the annual demand growth rate.
In this paper, we choose N = 5 for the base case because it is common for DNOs in the UK to make 5-year business plans in advance [6] , [27] . However, it should be noted that the methodology is generic in terms of the choice of N.
The new probability density function of the nominal utilization rate is
In this case, there is β 2 > 100%. According to Fig. 3 , the area of E represents the proportion of assets of which the nominal utilization rate U ≥ 100%. They need to be reinforced no matter their phases are balanced or not. In other words, the investment costs of these assets are not triggered by three phase imbalance, hence these assets do not contribute to the ARC.
Divide the range of [α 2 , 100%) into M sections, where M is a very large number (M > 1000). For each section i with a length of ΔU , the nominal utilization rate is taken as the middle point of this section, denoted as U i . The area S i enclosed by section i and f u 2 (U ), as depicted in Fig. 4 , is given by
S i represents a proportion of feeders of which U < 100%. However, among S i , some feeders of which the 'heaviest' phase (the phase with the maximum power) has already reached the per-phase capacity, would trigger reinforcements -they contribute to the ARC which arises from three-phase imbalance. As a proportion among S i , these feeders meet the two criteria: 1) their thermal capacities are reached under three-phase imbalance; and 2) their thermal capacities would not be reached if the three phases were balanced.
Section i corresponds to a DIB threshold D IB thre i , which is a function of U i ; when a feeder from S i has a DIB that exceeds D IB thre i , the feeder requires reinforcements, thus contributing to the ARC; when a feeder from S i has a DIB that is lower than D IB thre i , the feeder does not need reinforcements yet, thus not contributing to the ARC. D IB thre i is obtained by the following two steps: firstly, the time horizon of a feeder in the imbalanced case (the number of years it takes for the peak demand of the 'heaviest' phase to reach the per-phase capacity of the feeder) was referenced from our previous paper [1] :
where U i , D IB and r denote the nominal utilization rate, the DIB, and the annual demand growth rate, respectively. Then, D IB thre i is obtained by solving the equation n IB = 0 (a zero time horizon means that the peak demand of the 'heaviest' phase reaches the capacity of that phase), subject to the natural boundary of D IB thre i , i.e. 0 ≤ D IB thre i ≤ 2/3. Therefore,
Equation (14) shows that D IB thre i is a function of U i . Incorporate D IB thre i into the triangular distribution of the feeders' DIB for substation group j, as depicted in Fig. 4 .
The area of K i represents, among S i , the proportion of feeders of which the DIB exceeds D IB thre i . K i is given by
where F DIB (x) is the probability density function of the triangular distribution of the feeders' DIB values for substation group j. F DIB (x) is derived in Section III. d IB fmaxj , quantified in (5), denotes the feeders' maximum DIB value for substation group j. Equation (15) shows that K i is a function of U i .
The area of K i (the grey area) in Fig. 4 represents the proportion of feeders that contribute to the ARC because they meet the two criteria detailed at the beginning of this section: Criterion 1) is met because these feeders are imbalanced enough that they have at least one phase of which the power reaches the thermal capacity of that phase; Criterion 2) is met because, if the three phases were perfectly balanced, each phase would have a loading level of U i (U i < 100%) that is less than 100%.
Considering section i, the feeders that contribute to the ARC take the following percentage out of all feeders of substation group j.
The total proportion of feeders that contribute to the ARC is the summation of P i for all sections.
where subscript f denotes feeders; subscript j denotes substation group j. Among all feeders of substation group j, P fj is the proportion of feeders of which: 1) the thermal capacities are reached under three-phase imbalance; and 2) the thermal capacities would not be reached if the three phases were balanced. Therefore, the ARC for all the feeders of substation group j is given by
where subscript f denotes feeders; N fj denotes the number of feeders belonging to substation group j; C fj denotes the average investment cost of an individual feeder of substation j. The above process calculates the ARC by discretizing functions f u 2 (U ), g(U ), and F DIB (x), which are defined in (11), (14) , and (15), respectively. This is the practical method adopted in the case study.
As a generalization from the above method, the ARC is presented as a generic formula in the integral form:
F DIB (x) dx dU (19) where f u 2 (U ) is the probability density function of the nominal utilization rate; g(U ) is defined in (14) ; and F (x) is the probability density function of the feeders' DIB values.
Equation (19) is generic in the sense that it does not specify that f u 2 (U ) or F DIB (x) has to represent any particular probability distributions. In other words, f u 2 (U ) and F DIB (x) represent generic probability distributions. In this work, they are realized as triangular distributions: f u 2 (U ) and F DIB (x) are defined in (11) and (15), respectively. The use of triangular distributions is justified in Section III -C.
B. Utility-Scale ARC Calculation for Transformers
The process to calculate the transformers' ARC is similar to that for feeders. The ARC of the transformers for substation group j is given as a generic formula: (20) where subscript T denotes transformers. The nominal utilization rate of a transformer is denoted as U. N Tj denotes the number of transformers belonging to substation group j; C Tj denotes the average investment cost of an individual transformer of substation group j; α T 2 denotes the minimum utilization rate of the transformers after N years' demand growth; d IB Tmaxj , quantified in (8) , denotes the transformers' maximum DIB value for substation group j; f uT 2 (U ) is the probability density function of the probability distribution (e.g. triangular distribution) of the nominal utilization rates for the transformers, after N years' demand growth; F T (x) is the probability density function of the probability distribution (e.g. triangular distribution) of the transformers' DIB values, derived in Section III; and g T (U ) is the transformer's threshold DIB as a function of the transformer's nominal utilization rate.
The following process derives g T (U ), which is incorporated into (20) :
The original formula for calculating the time horizon of a transformer under imbalance (the number of years it takes for the three-phase power plus the neutral line power to reach the transformer capacity) was referenced from our previous paper [1] :
where U , D IB T and r denote the nominal utilization rate, the DIB of the transformer, and the annual demand growth rate, respectively. The DIB threshold is obtained by solving the equation n T IB = 0, subject to the natural boundary of the DIB threshold, i.e. [0, 1.0]. Therefore,
Similar to the feeders, the ARC of the transformers of substation group j can be calculated by discretizing (20) , i.e. discretizing functions f uT 2 (U ), g T (U ), and F T (x).
C. Utility-Scale ARC Calculation under Uncertainties from Growing Electric Vehicles and Heat Pumps
Emerging heat pumps (HPs) and electric vehicles (EVs) are a key contributor to future demand growth in the UK. The uncertainty in the speed of their rollouts adds to the uncertainty of the annual demand growth rate r defined in (10) . To reflect this uncertainty, the demand growth rate r is modelled as a random variable using confidence interval estimate: r is within a range at a confidence level α. r ∈ [r lower , r upper ] at confidence level α
where r lower and r upper denote the lower and upper bounds of the estimate, respectively. It should be noted that r lower > 0. According to Fig. 3 , such an uncertain r translates to an uncertain 'shift' of the triangular distribution to the right. The ARC first increases then decreases with the increase of r. This is because, when the triangular distribution shifts towards the right in Fig. 3 , the area of E (the proportion of assets that exceed 100% nominal utilization) which does not contribute to the ARC increases with r, leading to an eventual decrease of the proportion of assets that may contribute to the ARC. It should be emphasized that the increase of r always lead to an increase in the total reinforcement cost of which the ARC is a component, but not necessarily lead to an increase in the ARC. In theory, the maximum ARC for feeders of substation group j occurs when r = r fm which satisfies:
where ARC fj (r) is the ARC expressed as a function of r for feeders of substation group j. Therefore, the ARCs for feeders fall in the range of:
at confidence level α Similarly, the maximum ARC for transformers of substation group j occurs when r = r Tm which satisfies:
where ARC Tj (r) is the ARC as a function of r for transformers in substation group j. Therefore, the ARCs for transformers fall in the range of:
at confidence level α It is clear that the resultant ARCs are also confidence interval estimates.
Apart from the uncertainty in the demand growth rate r, the connections of EVs and HPs to the network will also bring uncertainties to phase imbalance. They may aggravate or reduce the degree of three-phase imbalance for individual networks: if connected to a phase with the least load among the three phases, they may reduce phase imbalance; otherwise, they may increase three-phase imbalance, depending on individual network circumstances. The uncertainties for individual networks are aggregated up to a utility scale, where the impact of EVs and HPs on phase imbalance is uncertain.
To reflect the uncertainties, the mode value of the degree of imbalance for feeders of substation group j is assumed to change by a percentage β during the study period, where β is modelled as a random variable using confidence interval estimate.
at confidence level α (28) where β lower and β upper denote the lower and upper bounds of β, respectively. It should be noted that β can be positive or negative, representing either an increase or a decrease of phase imbalance at a utility scale.
where d IB fmod endj denotes the feeder's mode DIB value at the end of the study period for substation group j. d IB fmod startj denotes the feeder's mode DIB value at the beginning of the study period for substation group j. According to Fig. 4 , the uncertainties in DIB values translate to an uncertain change of the triangular distribution skewness either to the left or to the right.
Given the study period of N years and the starting DIB mode, the ARC is expressed as a function of β by substituting (29) into (19) . The ARC monotonically increases with β. The maximum ARC occurs when β = β upper . Therefore, the ARCs for feeders fall in the range of:
at confidence level α Similar to feeders, the mode value of the degree of imbalance for transformers in substation j is assumed to change by an uncertain percentage β during the study period. The equations are the same as (28) -(29) except that the transformer's mode DIB replaces the feeder's mode DIB. The ARCs for transformers fall in the range of:
at confidence level α
V. APPLICATION OF THE PROPOSED METHOD
The methodology introduced in previous sections is applied to a real utility case, based on two sources of data: the network data from [6] ; and the three-phase voltages and currents data from the substations. The power factor is set as 0.95. The annual growth rate of the peak demand is 2.1% [6] .
A. Determine Characteristic DIB Values for Each Substation
The two characteristic DIB values, one for the feeders and the other for the transformers, are calculated for each substation.
The characteristic DIB values are plotted as histograms in Fig. 5 . Fig. 5 shows that the majority (>90%) of the substations have feeders' DIB values of less than 0.2 and transformers' DIB values of less than 0.3.
B. Substation Clustering
The substations are clustered into three groups by applying k-means clustering to their peak demands. The centroids (as the peak demands) of these clusters are 103.15 kW, 234.55 kW, and 437.80 kW, corresponding to rural, suburban, and urban substation groups, respectively.
C. Triangular Distribution of DIB
Before estimating the ARCs, it is necessary to first compute the three key parameters for each triangular distribution function of the DIB values. Table I presents the maximum values, the minimum values, and the mode for the triangular distributions of the DIB values for the three substation groups. Table I shows that the feeders' and transformers' minimum DIB values for each substation group are close to zero -in each group, there are substations of which the three-phase power is almost balanced. In all three substation groups, the modal values are closer to the minimum values than to the maximum. This is consistent with the histograms in Fig. 5 : the majority of the substations have a slight-to-moderate degree of three-phase imbalance. Table I also shows that the maximum DIB values of the rural group are higher than those of the suburban and urban groups. This is because a minority (<10%) of rural substations exhibit a severe degree of phase imbalance, thus significantly affecting the maximum DIB values of the rural group as well as the shape of the triangular distributions of the rural DIB values.
D. Utility-Scale ARC Estimation for the Base Case
All input data, including circuits' costs per km and each transformer's cost for urban, suburban and rural areas are referenced from [6] . The period concerned is 5 years (from 2011 to 2015). During this period, the annual demand growth rate is 2.1%, as presented above. According to the definition of the ARC in Section IV, the utility-scale ARC in this context represents, by the end of 2015, the investment costs of the utility's assets (feeders and transformers) of which the thermal capacities are reached under three-phase imbalance but would not be reached if the three phases were balanced. Table II presents the ARCs for each substation group and each type of assets. The ARC results are also depicted in Fig. 6 . They demonstrate that the ARC of the urban group, dominated by that of the urban feeders, considerably outweighs the ARCs of the suburban and rural groups. This is due to the high average investment cost per urban feeder, which is 2.73 times of that per suburban feeder and 2.05 times of that per rural feeder. The ARC of the rural group is the lowest among the ARCs of the three groups, because the number of rural transformers and feeders are less than 40% and 20% of that of suburban transformers and feeders, respectively. Table III presents the percentages of feeders/transformers that contribute to the ARC, out of the total number of feeders/transformers of the corresponding group.
The ARC results presented in Table II are significantly higher than the reinforcement costs (RCs) reported in [6] , which assumed balanced three phases. This phenomenon is justified by the following reasons:
1) The three-phase imbalance is non-trivial for the rural, suburban, and urban groups. This is reflected by the percentage of the ARC-contributing assets out of the total number of assets for each substation group in Table III . Reference [6] , however, ignores three-phase imbalance completely, thus leading to a serious underestimation of the reinforcement costs. 2) According to [6] , the reinforcement cost is zero at the beginning of the study period because no asset reaches its thermal capacity yet, and the reinforcement cost is solely contributed by the assets that reach the thermal capacities during the study period. However, according to this research, even at the beginning of the study period, i.e. when year N = 0, the ARCs are still positive for the three substation groups. This is because, when year N = 0, there are assets of which the thermal capacity is reached under three-phase imbalance. Without any reinforcements in between, by the end of the year N = 5, the ARCs are contributed by i) those ARC-contributing assets that preexist when year N = 0; and ii) the new ARC-contributing assets that emerge during the study period. It should be noted that the study in Section V -D is performed on the base case with a deterministic demand growth rate and deterministic DIB values. Later in Section V -F, we will conduct the ARC analyses based on uncertain demand growth rates and DIB values.
E. Sensitivity Analysis
One of the key parameters for estimating the ARCs is the annual demand growth rate. We calculate the ARCs under different annual demand growth rates to investigate their impact on the ARCs. Five annual demand growth rates are considered for the 5-year study period from the beginning of 2011 to the end of 2015: 1.2%, 1.5%, 1.8%, 2.1%, and 2.3%. The ARCs under these annual demand growth rates are depicted in Fig. 7 .
Within the given range of annual demand growth rates, the ARCs for rural, suburban and urban assets increase by 18.3%, 27.8%, and 39.5%, respectively, when the annual demand growth rate increases from 1.2% to 2.3%. The results demonstrate that the ARC is highly sensitive to the annual demand growth rate for the 5-year period.
The maximum and minimum DIB values for both the feeders and the transformers have an impact on the ARCs. The impact of the above parameters on the ARC is demonstrated on urban assets. Fig. 8 shows the impact of these parameters on the ARC. The results show that the minimum DIB values have a negligible impact on the ARC: an increase of the minimum DIB values by 5.0% causes the ARC to increase by less than 0.20%. In contrast, the increase of the maximum DIB values by 5.0% causes the ARC to increase almost linearly by 5.0% -6.0%.
The maximum and minimum utilization rates also have an impact on the ARC. Fig. 9 shows the impact of these parameters on the ARC for urban assets, including feeders and transformers. The results show that the variations of the minimum utilization rate have a little impact on the ARC: an increase of the minimum utilization rate by 5.0% results in a 0.95% increase of the ARC. The variations of the maximum utilization rate, however, have a much greater impact on the ARC: an increase of the maximum utilization rate by 5.0% causes the ARC to increase by approximately 10.8%, but the speed of such an increase is decreasing.
The impact of the average individual asset investment cost on the ARC is also investigated. It is clear from (19) and (20) that the ARCs are linear functions of the average individual asset (feeder and transformer) investment costs C fj and C Tj for substation group j. The ARC results under different average investment costs C fj per feeder per km is plotted in Fig. 10 , where all other data are the same as in the base case.
The results in Fig. 10 demonstrate the linear relationship between the ARC and C fj .
The ARC results under different average investment costs C Tj for an individual transformer is plotted in Fig. 11 , where all other data are the same as in the base case.
The results in Fig. 11 demonstrate the linear relationship between the ARC and C Tj .
The impact of the study period N on the total ARC (the summation of the ARCs for rural, suburban, and urban groups) is investigated. N is chosen to be 5, 8, 10, and 15 years. The ARC results are plotted in Fig. 12 , where all other data are the same as in the base case.
The ARC results in Fig. 12 show that the total ARC increases with the study period N. This is justified because when N increases from 5 years to 15 years, the nominal utilization rates increase due to a greater amount of load growth, corresponding to a 'right-shift' of the triangular distribution in Fig. 3 . Given that other conditions remain unchanged, the increase of the nominal utilization rates leads to a greater proportion of ARC- contributing assets. On the other hand, the increase of the area E in Fig. 3 is not yet enough to offset the increase of the proportion of ARC-contributing assets. Therefore, the ARC shows an increasing trend when N increases from 5 years to 15 years.
F. Utility-Scale ARC Estimation under Uncertain Demand Growth Rate and Degree of Imbalance
Emerging electric vehicles and heat pumps bring uncertainties to both the demand growth rate and the degree of imbalance. In this section, the ARCs are calculated under the uncertainties from EVs and HPs.
The ARCs are calculated under uncertain demand growth rate. The demand growth rate is assumed to be within the range r ∈ [1.2%, 5.0%] at confidence level α = 95%. The ARC results are presented in Table IV at the same confidence level α. The total ARC for both feeders and transformers in all three substation groups is within the range of [£228,517k £431,492k] at confidence level α.
The ARCs are also calculated under uncertain degrees of imbalance. The percentage of change in mode DIB from the start to the end of the study period is β, as defined in (28) . β is assumed to be within the range β ∈ [−10.0%, 10 .0%] at a confidence level α = 90%. The ARC results are presented in Table V at the same confidence level α.
The total ARC for both feeders and transformers in all three substation groups is within the range of [£285,594k £296,635k] at confidence level α.
G. Discussions
Three-phase power imbalance is a major concern in a threephase four-wire power system [3] . Furthermore, it is the power that gradually approaches the thermal limits of network assets in the long run [6] , [28] , [29] , thus affecting reinforcement costs. This paper is therefore concerned about power and its imbalance over the three phases. This paper is a major advancement from [1] and [6] . Reasons are detailed in Section I. The proposed methodology is ideally suited for estimating the ARCs throughout a utility's LV networks with limited data. Moreover, it should be noted that the methodology in this paper does not increase input data or extract substitute data from elsewhere. Rather, the methodology overcomes the barrier of insufficient input data and provides informative estimation of the ARC.
Up till now, triangular distributions are suitable because: the existing level of data is insufficient to support complex alternative probability distributions, e.g. Beta and Gamma. Furthermore, normal (or Gaussian) distribution is not suitable because: i) it is unable to model the skewness of the DIB distribution; and ii) the Central Limit Theorem does not apply to the spatial distribution of the temporal means of DIB. Skew Gaussian distribution again requires more data to specify its parameters which is beyond the existing level of data can cope. In future, with more sensory data becoming available, the data will serve the purpose of refining the parameters of the triangular distributions; and they would enable the derivation of more complex distribution functions for DIB and the utilization rates, thus improving the accuracy of the ARCs.
The research assumes that, when the thermal capacity of an asset is reached under three-phase imbalance, the DNO would perform network reinforcements -this is a common practice in the UK [6] , but not the least-cost solution. There are alternative solutions that could potentially save costs, e.g. proactive phase balancing. The ARC quantified in this paper serves as a benchmark cost for future comparisons between the conventional reinforcement solution and alternative smart solutions.
Demand growth may increase, decrease, or have no impact on the degree of three-phase imbalance both for individual networks and at a utility scale. For an individual network, if an extra demand is connected to the 'heaviest' phase (the phase already having the greatest load among the three phases), then it will increase three-phase imbalance; if an extra demand is connected to the 'lightest' phase (the phase having the least power among the three phases), then it will likely reduce three-phase imbalance; there is also the possibility that the extra demand neither increases nor reduces three-phase imbalance. How future demand growth will affect the degree of three-phase imbalance on a utility scale is a cutting-edge research question. To the best of our knowledge, there is no answer to this question at the moment. In this paper, we propose two scenarios for this question: one is the base case scenario, where we have assessed the ARC based on the current state of imbalance projected into the future if DNOs take no actions to rebalance three-phase supply; another scenario, as presented in Section IV -C and V -F, is that there is uncertainty associated with the DIB at the end of the study period. We have modelled the DIB using confidence interval estimate, which is a classic mathematical tool for modelling uncertainty.
This paper assesses the ARCs under the uncertainties from growing EVs and HPs, where the demand growth rate and the DIB values are modelled as random variables using confidence interval estimates.
Considering demand growth in demand-dominated networks represents the base case (also the status quo in the UK [18] ). This paper investigates three-phase imbalance for demand-dominated networks. This forms the basis to build upon for the future when we consider a high penetration of renewable generation over the planning period, taking into account differing degrees of uncertainties between renewables and classical demands.
Unlike DIB values which are calculated in this paper, it should be noted that the assets' nominal utilization rates are input data directly referenced from [6] . The calculations are based on the power factor of 0.95 (lagging) in [6] . Therefore, by referencing the nominal utilization rates from [6] , our paper inherits the assumption of a 0.95 (lagging) power factor from by that paper.
VI. CONCLUSION
This paper presents a novel scalable methodology to estimate the additional reinforcement cost (ARC) from three-phase imbalance on a utility scale, modelling the distribution of circuit imbalance on a utility scale where the level of information needed to accurately specify complex distributions is not available. This paper develops a novel numerical method to estimate the volume of assets that contribute to the ARC and the ARC itself by identifying the relationship between the triangular distribution of circuit imbalance and that of circuit utilization. When the information is made more readily available in future, accurate probability distributions can be constructed to reflect the network condition across the whole system. In light of this, the paper comes up with two novel generalized ARC formulas in the integral form that account for generic probability distributions. The observations are:
1) The ARCs are at least comparable to the reinforcement costs of the balanced case.
2) The sensitivity of the ARC to the following parameters is listed in a decreasing order: demand growth rate > the maximum degree of imbalance (DIB) values and the maximum nominal utilization rates > the minimum DIB values and the minimum nominal utilization rates.
3) The proposed method effectively overcomes the scalability and data deficiency barriers. It is applicable to a utility's LV networks with millions of customers and limited sensory data. The method provides the ARC as a benchmark cost under conventional passive network management. The ARC can be used to compare the costs of future alternative solutions.
APPENDIX A MATHEMATICAL PROOF
In the appendix, we present the mathematical proof as to why the feeders within area E in Fig. 3 does not meet Criterion 2) of the ARC definition. Criterion 2) is: when the three-phase peak demand occurs, the feeder's thermal capacity would not be reached if its three phases were balanced.
When the three-phase peak demand occurs, denote the power for each phase as P A , P B , and P C .
For any feeder within area E in Fig. 3 , its nominal utilization rate is greater than 100%. This gives
If the three phases were fully balanced, then
Substituting (35) into (34), there is
This gives
Given that the capacity for each phase C single∅ = C 3 ∅ 3 , there is
Phase A power exceeds the capacity for this phase. Therefore, Criterion 2) is not met.
